This research investigates the strategy to achieve high material removal rate in tool path planning for the near-dry electrical discharge machining (EDM) milling process using tubular electrode with a lead angle. The proposed strategy to prevent leakage of dielectric mist from the tubular electrode is different from the conventional end milling process due to the difference in material removal mechanism. Tool positions and orientations to engage the electrode into workpiece, machining of workpiece edge, minimum lead angle to machine a curved surface, and minimum and maximum path interval to prevent the mist leakage are derived. Experiments are conducted to validate the model prediction of path planning. Experimental results show plunge method has the highest material removal rate for engaging method, and electrode hole must be located within the workpiece surface when edge of workpiece is machined. For curvature machining, the proposed path planning strategy yields higher material removal rate compared with that from the conventional strategy, which only avoids gouging. This study also reveals that, due to the tool wear and crowning of electrode tip, it is difficult to accurately determine the minimum path interval which will cause the mist leakage.
Introduction
Die-sinking EDM is often used to manufacture dies and molds made of difficult-to-machine materials. Multiple electrodes are usually required to produce a part with complicated geometry. To eliminate the need to prepare multiple electrodes, research using a rotating cylindrical or tubular electrode has been conducted [1] . This configuration is called EDM milling. EDM milling is beneficial for its simplicity of electrode geometry. The electrode tip wear geometry remains virtually unchanged during EDM milling, and the tool wear can be compensated in one-dimension [2] .
Conventional EDM processes utilize liquid dielectric fluids. Research in dry EDM using gas as dielectric has been studied by Kunieda et al. [3] [4] [5] [6] [7] [8] under the EDM milling configuration using the tubular copper electrode. Gas flows through the electrode and enhances the debris flushing. However, due to the reattachment of debris to the machined surface, dry EDM milling may have limitations of meeting the surface roughness requirements. This problem can be overcome in near-dry EDM by replacing the gas with the mixture of gas and dielectric liquid [9] .
Five-axis near-dry EDM milling enables to freely orient the tubular electrode with respect to the workpiece. The orientation changes the mist mass flow rate through the discharge gap which effects the performance in material removal rate (MRR) and tool electrode wear ratio (g) [10] . Nakao et al. [11] experimentally studied the effects of electrode orientation in dry EDM milling and discovered the optimum electrode orientation to maximize MRR.
In the past two decades, much research has been conducted in five-axis trajectory planning for conventional milling [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . There are fundamental differences between the five-axis conventional end milling and EDM milling. The strategy developed for optimal tool paths for conventional five-axis end milling is not suitable for five-axis near-dry EDM milling. For example, jerk limiting trajectory planning does not improve near-dry EDM milling since the feed rate is considerably low.
For multi-axis EDM milling, Ding and Jiang [23] studied the tool path generations for four-axis contouring EDM rough milling, but their work was only an extension of conventional milling with discharge gap compensation and electrode shortening compensation. In order to develop strategies for five-axis trajectory planning for near-dry EDM milling, the fundamental difference between the conventional milling and near-dry EDM milling must be clarified. This research aims to develop the tool path generation strategy based on geometrical relationship to prevent leakage of dielectric medium from a hollow tubular electrode and the workpiece with curvature along or across the feed direction for five-axis near-dry EDM milling. The strategy to generate the tool path including methodology to determine the method to engage the electrode into the workpiece, width of cut for machining of workpiece edge, minimum allowable lead angle (a) for curvature machining and minimum and maximum path interval, S, is presented. Experimental results and analysis are discussed for validation.
Five-Axis Near Dry EDM Tool Path Planning Strategy
In conventional milling, once the trajectory and the feed rate are set, each axis moves at the specified feed rate. However, in near-dry EDM milling, the feed rate is constantly overridden by a feed rate override function, which is related to the discharge gap condition. To maximize MRR for near-dry EDM milling, the mist flow rate through the main discharge region (MDR), defined in Ref. [10] as the narrow gap between the electrode and wokpiece for spark generation, must be maximized. Three unit vectors, feed direction (x), cross feed direction (ŷ), and surface normal direction (ẑ) are introduced to describe the coordinates at the electrode contact point on the workpiece surface as shown in Fig. 1 . Figure 2 shows various methods to engage the workpiece and electrode. In conventional end milling, the tool tip position is located below the workpiece surface and engages from the side, as illustrated in Figs. 2(a) and 2(b). However, to maximize the mist flow rate through MDR, this approach is not suitable. A majority of mist escapes from the bottom end of electrode. Plunging, as shown in Figs. 2(c) and 2(d), is a more suitable method to engage for near-dry EDM milling. However, when a = 0 ( Fig.  2(d) ), mist can escape from the space between the electrode hole and unmachined work surface. To maximize MRR, plunging with a ¼ 0 (Fig. 2(c) ) and gradually changing a after the full engagement of electrode while moving the electrode across the surface is the more suitable method to tool path planning in near-dry EDM milling.
Methods to Engage Electrode into the Workpiece.

Width of Cut for Machining of a Workpiece
Edge. When a workpiece edge is machined using the near-dry EDM milling, the mist can escape from the open space between the electrode hole and workpiece, as shown in Fig. 3(a) . Figure 3 shows the top view of workpiece and electrode when the edge of the workpiece is being machined. To ensure the mist flow through MDR, following condition for the width of cut, w, as shown in Fig. 3 , must be satisfied.
where / OD is outer diameter of electrode and / ID is inner diameter of electrode. If
w, part of the electrode hole becomes exposed to the open atmosphere, mist escapes from the location, and MRR will be significantly reduced [10] . If w / OD , part of workpiece surface will be left unmachined.
2.3 Curvature Along the Feed Direction. For convex and concave surfaces, two cases exist to determine a for curvature along the feed direction to prevent mist leakage. Figure 4(a) shows the workpiece and electrode projected on thexẑ plane for a convex surface when a = 0. The bottom face of the electrode, rather than the electrode hole, must be located below the workpiece profile to avoid the mist leakage. A previous study shows only a slight MRR decrease from the maximum value as long as the electrode hole is not exposed to the open atmosphere due to insignificant change in the mass flow rate of dielectric fluid [10] . When a is used in near-dry EDM milling, discharges also occur inside the electrode hole, enlarges / ID near the tip, and estimation of actual / ID at the tip becomes difficult. The worn electrodes shown in Fig. 5 are after near-dry EDM milling. When a = 0, / ID is locally enlarged near the tip while not much change is observed in the geometry of outer diameter, and when a ¼ 0, / ID is not affected, but / OD becomes smaller.
In Fig. 4 (a), a point (P X , P Z ) is created on the electrode's tip on the front most point in x-axis for the minimum a, so that the point is located below the unmachined workpiece surface. The center of workpiece curvature is set as an origin. For convex surface, location of the point can be expressed as following:
where a 0 is the offset angle to avoid mist leakage due to tool wear, R F is the curvature of workpiece along feed direction, and D is the depth of cut. The detail of a 0 is discussed in Sec. 4.1. To maintain the point below the workpiece surface, Eq. (4) must be satisfied. 
Substituting Eqs. (2) and (3) into Eq. (4) yields the range of a for a convex surface to avoid mist leakage.
Minimum D also exist for convex surface when a ¼ 0 . . In this configuration, the expression of the point (P X , P Z ) are
Substituting the above equations to Eq. (4) yields the expression for the minimum D when a ¼ 0 .
If D is less than the minimum value or a is less than the minimum value, a section of the bottom face of the electrode is exposed to the open atmosphere and mist escapes from the location.
When the surface is concave, the maximum a to avoid gouging and the minimum a to avoid a section of electrode exposing to the open atmosphere exist. Figure 6 shows the concave workpiece and electrode projected on thexẑ plane. To avoid mist leakage and gouging, the point (P X , P Z ) must be located between the unmachined and desired surface curve. Location of the point for concave surface changes as follows:
To locate the point between two curves, the following conditions must be satisfied.
Substituting Eqs. (9) and (10) to Eq. (11) yields the range of a to avoid mist leakage. To compute for the maximum a, a 0 is set as zero since no safety is needed.
2.4 Curvature Along the Cross Feed Direction. Figures 7(a) and 7(b) show the workpiece and electrode projected onŷẑ plane for the concave and convex surface curvatures along the cross feed direction, respectively. When the electrode is projected on the plane, the outer boundary of its tip becomes an ellipse as described in Eq. (13) . 
where y and z are the coordinate along theŷ andẑ direction.
To maintain the entire electrode tip submerged below the unmachined workpiece surface and gouging, this ellipse must be located between the unmachined workpiece and the desired curvature. For convex surfaces, the unmachined workpiece and desired curvatures can be expressed as in Eqs. (14) and (15), respectively
where R \ is the curvature of the workpiece in the cross feed direction. For convex surface, the ellipse in Eq. (13) may intersect with the unmachined workpiece surface as described in Eq. (14) at zero, one or two point. To solve for the minimum a so the two curves do not intersect, Eq. (13) is solved for z, which is then substituted into Eq. (14) and solved for the roots of y as following:
Since two curvatures must not intersect to avoid mist leakage, the expressions inside square roots in Eq. (17) must be imaginary. The range of a can be solved:
and
For concave surfaces, the projected electrode in Eq. (13) must be placed between the unmachined workpiece and desired curvatures as in Eqs. (20) and (21), respectively.
For any D, the ellipse only intersects with the unmachined workpiece curve at one point. The range of a to prevent mist leakage is
The maximum a exists to avoid gouging. Gouging occurs when the ellipse intersects with the desired surface curve. Solving Eq. (13) for z, setting a 0 to zero and substituting the negative solution into Eq. (21) yields and solving for the roots of y yields: Therefore,
Solving Eq. (23) for a, so the expression inside the square roots becomes negative, yields following maximum value for a to avoid gouging.
Combining Eqs. (22) and (25) yields the range of a for machining curvature along the cross feed direction to prevent gouging and mist leaking.
2.5 Path Interval. In conventional milling, S is usually chosen based on desired scallop height [16] . However, for near-dry EDM milling, the minimum S also exists so that the electrode hole in the new path is not exposed to the cavity created by the previous path. Figure 8 shows the projection of workpiece and electrodes from new and old path on theŷẑ plane for convex and concave surfaces. Theŷẑ projection is from the old path, andŷ 0ẑ0 projection is from the new path.
To compute the minimum S for convex curvature, body fixed coordinate systems are first created on the centers of ellipses from the old (y 0 , z 0 ) and new (y, z) path. The coordinate transformation can be expressed as
The minimum S is numerically computed so that two ellipses as described in Eqs. (30) and (31) do not intersect.
For concave curvature, the coordinate transformation, as described in Eqs. (28) and (29), changes to the following.
Experimental Setup
A die-sinking EDM machine (Model AQ55L by Sodick, Schaumburg, IL), as shown in Fig. 9 , is modified by adding a rotary table (Model HA5CB by Haas Automation, Oxnard, CA), an EDM spindle (Rotobore by Everest, Huntington Beach, CA) and a mist delivery system (Model 6000 precision applicator by AMCOL, Hazel Park, MI) to experiment on the 4.5-axis near-dry EDM milling. A C-axis made by Sodick is attached to the Z-axis column, and the Haas rotary table is mounted on the worktable. The C-axis is synchronized with the EDM gap controller. The A-axis which controls the tilt of the workpiece is controlled by an external controller and only moves in stepping rotation. The path generation strategy described in Sec. 2 is tested individually. A reference ball is used to measure the distance between the tool electrode tip to the center of C-axis rotation.
UGS NX 5.0 is used to generate the tool path, and Postbuilder 5.0.3 is used to create a post processor for the tool path generated by NX 5.0. The post processor converts the toolpath generated in NX 5.0 to series of commands (G-codes) that can be read by Sodick controller. Table 1 lists the discharge parameters for near-dry EDM milling. The work material is H13 tool steel and the electrode is a copper tube. Electrode outer diameter, / OD , is 3.2 mm, and electrode inner diameter / ID is 1.6 mm. Depth of cut, D, is set at 0.5 mm for all experiments. Electrode rotational speed is set to 500 rpm. Compressed air at 517 kPa and kerosene liquid at 5 ml=min flow rate is supplied to the inlet. To calculate MRR, the weight of the workpiece before and after the machining is measured using an Ohaus GA110 digital scale with 0.1 mg resolution. Based on the weight measurements, MRR is calculated as follows:
where q workpiece and Dm workpiece are the density and mass change of workpiece, respectively, and t is the time to machine. In this study, q workpiece is 7800 kg=m 3 . In this study, the tool electrode wear ratio and surface roughness are not evaluated since tool path generation strategy discussed in this paper is for roughing. In semi-finishing and finishing process, which uses low discharge energy, the depth of cut is less than 50 lm, which makes the minimum a close to zero.
Six sets of experiment were conducted to validate the proposed strategy: Tool wear is not compensated during the experiment. Each experiment is repeated three times and average and standard deviation of MRR are calculated.
Experimental Procedure and Results
Experimental measurements of MRR in Exps. I to VI are presented and compared in the following six sections.
4.1 Exp. I: Offset Angle. Tool wear shortens the electrode and, as shown in Fig. 10(a) , moves the point (P X , P Z ) in Fig. 4(a) to outside the workpiece surface and decreases the MRR. The offset angle, a 0 , is applied to adjust the lead angle of electrode, so that the point remains below the workpiece surface even with the tool wear, as shown in Fig. 10(b) .
Slots were machined on a flat surface to find a 0 for this particular study with 20 mm slot length and 0.5 mm depth of cut (D). This offset angle is applied to other slot near-dry EDM tests of the same length and depth of cut in the study with curvature in the feed and cross-feed directions.
Based on Eq. (5), the range of a for a flat surface (R F ! 1) can be computed as following:
Solving Eq. (35) using the setup parameters listed in Sec. 3, the range of a is between 0 and À9.0 þ a 0 . Tests were conducted to find the a 0 that maximizes the MRR. Tests in the range of a between À4
and À8 in one degree increment and at 0 at the benchmark were conducted. As shown in the results of experiment in Fig. 11 , the highest MRR occurs at a ¼ À5
, which corresponds to a 0 ¼ 4 . This a 0 is applied to all following experiments (Exp. II to VI), as the compensation for electrode wear. Figure 12 shows the MRR from the electrode engaging experiments. The plunge method (the configuration in Fig. 2(c) ) had the highest MRR followed by plunge method with a, conventional method, and conventional method with a. The conventional engaging methods regardless of a value have considerably low MRR because of the mist leakage while engaging the workpiece. Compared with plunge method, 26% decrease in MRR was observed for conventional method, and 62% decrease was observed for conventional method with a = 0, while plunge method with a = 0 has only 6% decrease.
Exp. III: Width of Cut for Machining of a Workpiece
Edge. The minimum w to machine the edge of workpiece, from Sec. 2.2, is verified. Theoretically, the electrode hole must not be exposed to open atmosphere as shown in Figs. 3(b) and 3(c) to avoid the drop in MRR. Using the setup parameters discussed in the Sec. 3 and Eq. (1), the minimum distance from the edge (w) is 2.4 mm for the electrode used in this study. In this experiment, w ¼ 1.6 mm (50% of / OD , which causes the mist leakage), 2.4 mm (minimum distance), and 3.2 mm (maximum distance) are examined. Figure 13 shows experimental results from workpiece edge machining. The MRR was high and not significantly different for w ¼ 2.4 and 3.2 mm. However, when w ¼ 1.6 mm, the electrode hole is exposed to the open atmosphere, and a 31% decrease in MRR is observed.
Combining the results from the engaging methods experiment, tool path for near-dry EDM milling must place the electrode hole inside the workpiece boundary. If the electrode hole travels For convex surface, solving Eq. (5) using parameters listed in Sec. 3 yields 0 ! a ! À5:2 þ a 0 , which is the range of a that prevents mist leakage. Three tests were conducted with a at 0 (the maximum a), À1.2
(the minimum a with a 0 ¼ 4 ), and À6. 2 (1 larger than the minimum a without a 0 ). Only three tests are conducted at a that are the minimum and maximum of a with a 0 (limits obtained in the theoretical analysis) and a test condition outside this range. The purpose of this experiment is to validate the proposed analytical model, not to find the angle with the maximum MRR.
At a ¼ À6.2 , the mist will leak from the electrode hole from the start of slot machining. Figure 15(a) shows experimental MRR results. The highest MRR occurs at a ¼ À1. 2 and, compared to that at a ¼ 0 , 17% improvement is observed due to the improvement of mist flow rate through the MDR [10] , where the most of machining action occurs in near-dry EDM milling. Mist leakage is not the only criterion determines the MRR. Although the mist leaks from the electrode hole at a ¼ À6. 2 , MRR is higher than that at a ¼ 0 , which has no mist leakage. This happens because when a ¼ 0 , part of the mist does not flow through the MDR. For concave surface, solving Eq. (12) using parameters listed in Sec. 3 yields À3:6 ! a ! À12:5 þ a 0 , which is the range of a that prevents the mist leakage. Three tests were conducted with a at the À3. 6 (the maximum a), À8.5 (the minimum a with a 0 ¼ 4 ), and À13.5 (1 larger than the minimum a without a 0 ). Like for the convex surface, three tests are selected at the range of a that avoids gouging and mist leakage, not to find the optimal a for MRR. At a ¼ À13. 5 , the mist leaks from the electrode hole from the start of slot machining. As shown in the experimental MRR results in Fig. 15(b) , the MRR is maximized at a ¼ À8. 5 , and compared to MRR at a ¼ À3. 6 , 34% improvement is observed due to the improvement of mist flow through MDR. Similar to the results from convex surface, MRR for a ¼ À13. 5 , which causes mist leakage, has slightly higher MRR than the one from a ¼ À3. 6 , which has no mist leakage but limited mist flow rate though the MDR.
Exp. IV experimental results conclude that the minimum a with offset angle a 0 is the lead angle selection for high MRR in neardry EDM machining with curvature in the feed direction. (18) is solved using parameters listed in Sec. 3 to find the range of a, 0 ! a ! À9:0 þ a 0 , without the mist leakage. Similar to Exp. IV, three tests were conducted with a ¼ 0 (the maximum a), À5
(the minimum a with a 0 ¼ 4 ), and À10 (1 larger than the minimum a without a 0 ) to validate the feasible range of a. Figure 16(a) shows the experimental results. The MRR is maximized when a ¼ À5 , and compared with the MRR at a ¼ 0 , 31% improvement is observed. The leakage of mist at a ¼ À10
has an adverse effect on the MRR.
For concave surface, solving Eq. (26) using parameters listed in Sec. 3 yields À3:7 ! a ! À9:0 þ a 0 , which is the range of a that does not cause the mist leakage. Three tests were conducted with a at À3. 7 (the maximum a), À5 (the minimum a with a 0 ¼ 4 ), and À10 (1 larger than the minimum a without a 0 ). The experimental results in Fig. 16(b) shows the highest MRR at a ¼ À5
. It is a 3% improvement of MRR compared with that of a ¼ À3. 7 . The MRR improvement was low for the concave case due to the small difference between the minimum and maximum a. The leakage of mist at a ¼ À10 also has a significant effect on the reduction of MRR.
The same conclusion as in Exp V, the minimum a with offset angle a 0 is the lead angle to improve the MRR for machining workpiece with either convex or concave curvature cross the feed direction.
4.6 Exp. VI: Path Interval. The minimum and maximum path interval, as discussed in Sec. 2.5, is experimentally verified for near-dry EDM milling. A flat surface (R ? ! 1), instead of concave or convex surfaces, is machined. Based on Eq. (36), the range of S for a flat surface are
Solving Eq. (36) using parameters discussed in Sec. 3 yields 2:4 mm S 3:2 mm, which is the range of S that prevents the mist leakage. Three tests were conducted at S ¼ 1.6 mm (50% of / OD , with mist leakage), 2.4 mm (the minimum S), and 3.2 mm (the maximum S). For all three tests, a ¼ À5
is used. Figure 17 shows results from path interval experiment. The maximum S (3.2 mm) has the highest MRR. A 14% drop in MRR was observed at the minimum S (2.4 mm). At the minimum S, a small change in the MRR was expected, similar to the machining of edge experiment, which is discussed in Sec. 4.3 and Fig. 13 (w ¼ 2.4 and 3.2 mm) . The drop in MRR at minimum S is caused by electrode wear. When a is used in near-dry EDM milling, discharges also occur within the electrode hole and locally enlarge / ID near the tip, as shown in Fig. 5(a) . The mist escapes from the enlarged hole and lowers MRR. Hence, the enlarged / ID must be used to compute the minimum S. Exp. VI shows that the maximum S should be used to maximize MRR, but it can be lowered to the minimum S to reduce the scallop height.
Concluding Remarks
Electrode tool path planning strategy, including the engaging method, edge machining, curvature machining, and path interval based on the electrode-workpiece orientation and geometrical relationship with a goal to avoid the leakage of dielectric medium and to achieve better MRR for five-axis near-dry EDM milling was presented. Each strategy was experimentally validated on the MRR. To maximize MRR, mist flow rate through MDR is the first priority to plan a path for near-dry EDM milling with lead angle, rather than minimization tool path length, which is prioritized in conventional milling. The electrode tip must remain below the workpiece surface when lead angle is used and the electrode hole must not be exposed to the open atmosphere. This maximizes mist flow rate through MDR and results in maximum MRR. The methodology developed in this study is applicable to the general fiveaxis EDM milling process.
This research is an early step on process planning for five-axis near-dry EDM milling. Many research tasks are required to further advance this technology. The tool wear and worn tool tip geometry were modeled in a very simple way in this study. In addition to MRR, the stability, surface integrity and accuracy of the milling process all need to be considered in future research. Current study is also limited to approximating the curvature with a locally cylindrical surface. In the future, 3D expression of surface using non-uniform rational B-spline (NURBS) or tetrahedral should be considered for machining of sculpture surface.
